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ON THE STABILITY OF THE FUNCTIONAL
EQUATION DERIVING FROM QUADRATIC AND
ADDITIVE FUNCTION IN RANDOM NORMED
SPACES VIA FIXED POINT METHOD

SUN SooOK JIN* AND YANG-HI LEE**

ABSTRACT. In this paper, we prove the stability in random normed
spaces via fixed point method for the functional equation

fRx+y)+ (2 —y)+2f(2) - flz+y) - flz—y) —2f(22) = 0.

1. Introduction

In 1940, S. M. Ulam [27] raised a question concerning the stability of
homomorphisms: Given a group G1, a metric group G with the metric
d(-,-), and a positive number ¢, does there exist a 6 > 0 such that if a
mapping f : G1 — G satisfies the inequality

d(f(zy), f(z)f(y)) <é

for all z,y € G then there exists a homomorphism F' : G; — G2 with

d(f(z), F(z)) <e
for all x € G1?7 As mentioned above, when this problem has a solution,
we say that the homomorphisms from G to Gy are stable. In 1941, D.
H. Hyers [5] gave a partial solution of Ulam’s problem for the case of ap-
proximate additive mappings under the assumption that G; and G4 are
Banach spaces. Hyers’ result was generalized by T. Aoki [1] for additive
mappings and Th. M. Rassias [23] for linear mappings by considering
the stability problem with unbounded Cauchy differences. The paper of
Th. M. Rassias has provided a lot of influence in the development of
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stability problems. The terminology Hyers-Ulam-Rassias stability orig-
inated from these historical background. During the last decades, the
stability problems of functional equations have been extensively investi-
gated by a number of mathematicians, see [2]-[4], [6]-[18].

Recall, almost all subsequent proofs in this very active area have used
Hyers’ method, called a direct method. Namely, the function F', which is
the solution of a functional equation, is explicitly constructed, starting
from the given function f, by the formulae F(z) = lim, oo 5 f(2"2)
or F(z) = limp 00 2" f(57). In 2003, V. Radu [22] observed that the
existence of the solution F' of a functional equation and the estimation
of the difference with the given function f can be obtained from the
fixed point alternative. In 2008, D. Mihet and V. Radu [20] applied
this method to prove the stability theorems of the Cauchy functional
equation:

(L.1) fle+y) = fl@) = fly) =0
in random normed spaces. We call solutions of (1.1) additive mappings.

In 2008, A. Najati and M. Moghimi [21] obtained a stability of the
functional equation deriving from quadratic and additive function:

(1.2) fRz+y)+f2x—y)+2f(x) - fla+y)— flx—y)—2f(22) =0

by using the direct method.

In this paper, using the fixed point method, we prove the stability
for the functional equation (1.2) in random normed spaces. It is easy to
see that the mappings f(z) = axz? + bx + c is a solution of (1.2). Every
solution of the functional equation deriving from quadratic and additive
function (1.2) is said to be a general quadratic mapping.

2. Preliminaries

In this section, we state the usual terminology, notations and conven-
tions of the theory of random normed spaces, as in [25, 26]. Firstly, the
space of all probability distribution functions is denoted by

At = {F:RU{-o00,00} — [0,1]|F is left-continuous

and nondecreasing on R, where F'(0) = 0 and F(400) = 1}.
And let the subset D™ C A™ be the set DT := {F € A"|l” F(400) = 1},
where [~ f(x) denotes the left limit of the function f at the point z.

The space AT is partially ordered by the usual pointwise ordering of
functions, that is, F' < G if and only if F(t) < G(t) for all t € R.
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The maximal element for A% in this order is the distribution function
g0 : RU{0} — [0,00) given by

0 ift<0,
50(75)—{ 1 ift> 0.

DEFINITION 2.1. ([25]) A mapping 7 : [0,1] x [0,1] — [0, 1] is called a
continuous triangular norm (briefly, a continuous t-norm) if T satisfies
the following conditions:

(a) 7 is commutative and associative;

(b) 7 is continuous;

(c) 7(a, )—aforallae[Ol]

(d )T(a b) < 7(¢,d) whenever a < ¢ and b < d for all a, b, ¢,d € [0, 1].

Typical examples of continuous ¢-norms are 7p(a,b) = ab, Tas(a,b) =
min(a, b) and 77,(a,b) = max(a + b — 1,0).

DEFINITION 2.2. ([26]) A random normed space (briefly, RN-space)
is a triple (X, A, 7), where X is a vector space, 7 is a continuous ¢-norm,
and A is a mapping from X into DT such that the following conditions

hold:
(RN1) A, (t) = eo(t) for all £ > 0 if and only if x = 0,
(RN2) Az (t) = Ag(t/|a]) for all z in X, a;é()andallt>0
(RN3) m+y(t+ s) > 7(Az(t), Ay(s)) for all z,y € X and all ¢,s > 0.
If (X, -||) is a normed space, we can define a mapping A : X — D™
by
Aalt) =
‘ t+ |l

for all z € X and ¢t > 0. Then (X, A, 7)) is a random normed space,
which is called the induced random normed space.

DEFINITION 2.3. Let (X, A, 7) be an RN-space.
(i) A sequence {x,} in X is said to be convergent to a point z € X if,
for every t > 0 and € > 0, there exists a positive integer N such that
Ay, —2(t) > 1 — e whenever n > N.
(ii) A sequence {x,} in X is called a Cauchy sequence if, for every ¢t > 0
and € > 0, there exists a positive integer N such that A, _, (t) >1—¢
whenever n > m > N.
(iii) An RN-space (X, A, 7) is said to be complete if and only if every
Cauchy sequence in X is convergent to a point in X.

THEOREM 2.4. ([25]) If (X,A, ) is an RN-space and {z,} is a se-
quence such that x, — x, then lim,,_,oo Ay, (t) = Ay(t).
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3. On the stability of the functional equation deriving from
quadratic and additive functions in RN-spaces

We recall the fundamental result in the fixed point theory.

THEOREM 3.1. ([19] or [24]) Suppose that a complete generalized
metric space (X, d), which means that the metric d may assume infinite
values, and a strictly contractive mapping J : X — X with the Lips-
chitz constant 0 < L < 1 are given. Then, for each given element x € X,
either

d(J"z, J" ) = 400, Vn € NU {0},

or there exists a nonnegative integer k such that:

(1) d(J"z, J""tw) < +oo for all n > k;

(2) the sequence {J"x} is convergent to a fixed point y* of J;

(3) y* is the unique fixed point of J in Y := {y € X,d(J*z,y) < +oc};
(4) dly, ") < (1/(1 - L))d(y, Jy) for all y € Y.

Let X and Y be vector spaces. We use the following abbreviation for
a given mapping f : X — Y by

Df(x,y) = fx+y)+ f2z—y)+2f(z) - f(x+y) — fz—y) —2f(2z)

for all z,y € X.
Now we will establish the stability for the functional equation (1.2)
in random normed spaces via fixed point method.

THEOREM 3.2. Let X be a linear space, (Z, ', 7pr) be an RN-space,
(Y,A,7p) be a complete RN-space and ¢ : (X \ {0})2 — Z. Suppose
that ¢ satisfies one of the following conditions:

(1) A%w(zy)( ) < A:o§2:v2y)( ) for some 0 < a < 2,
(ii) A¢(2w,2y)( ) < A, y)( ) for some 4 < «
forallz,y € X andt > 0. If f: X — Y is a mapping such that

(3.1) Apf(ay) () 2 Az (D)

for all x,y € X \ {0} and t > 0, then there exists a unique general
quadratic mapping F' : X — Y such that

(32)  Aja)rm () = { Mo, 500 it satisfes (1),

M(z, =D if » satisfies (ii)
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for all z € X \ {0} and t > 0, where

P / / / /
M(z,t) = TM{A¢(%7_%)(t),ASD(%’_%%)(t),A(p(%_m)(t),/\(p(%’_%)(t),
/ / /! /!
R LA SO EFIO),

Moreover if « < 1 and A:o(z ) s continuous in z,y € X \ {0} under the
condition (i), then f is a general quadratic mapping.

Proof. Sine D f(0,0) = 0, we can assume that f(0) = 0 without loss
of the generality. We will prove the theorem in two cases, ¢ satisfies the
condition (i) or (ii).

Case 1. Assume that ¢ satisfies the condition (i). Let S be the set
of all functions g : X — Y with g(0) = 0 and introduce a generalized
metric on S by

d(g,h) :=inf {u € RY|Ayp)_p)(ut) > M(z,t) forall z e X\ {0}}.
Consider the mapping J : S — S defined by

Jf(:L‘) — f(Q.TJ) _4f(—21‘) n f(Qx') +8f(_2x)’

then we have
J"f(x) = % (47" (f(2 ) + f(=2"2)) + 27" (f(2"2) — f(~2"x)))

for all 2 € X and n € N. Let f,g € S and let u € [0, 0] be an arbitrary
constant with d(g, f) < w. From the definition of d, (RN2), and (RN3),
for the given 0 < v < 2 we have

au
AJg(a)-if(@) (70 = A3(9(2w)8—f(296>>_g(—2m>gf(—2x) <7t)

Saut aut
> v {As(g@z)f(zz)) (8) y A g(—20)—p(—20) <8 )}
8 8

> T™ {Ag(Z:c)—f(ch) (QUt)a Ag(—?x)—f(—Qx) (aut)}
> M2z, at)
> M(z,t)

for all x € X \ {0}, which implies that

d(Jf.79) < 5d(f.9)-
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That is, J is a strictly contractive self-mapping of S with the Lipschitz
constant §. Since the equality

1 T

a5t = Hons(55) -snr( %) -anr(5 )

as(5-5) 20 (5 5) + P (5 5)

+0f(5a) + 21 (5 5))

holds for all z € X \ {0}, by (3.1), we see that

st 3t 3t
Af(z)Jf(x)(2> 2 TM{AzDﬂ,—g) (4)’A§Df(§,—2§ <8>

w|8

for all z € X \ {0}. It means that d(f, Jf) < 3 < oo by the definition of
d. Therefore according to Theorem 3.1, the sequence {J" f} converges
to the unique fixed point F': X — Y of Jin theset T'= {g € S|d(f,g) <
oo}, which is represented by

. 2"y —2"x 2"x) — f(—=2"x
P = (LERHICTD) | S0 (7))

n—oo

for all x € X. Since

1 )

d(f,F) < ;—ad(f,Jf) < 5—

o
2

the inequality (3.2) holds. Next we will show that F' is a general qua-
dratic mapping. Let z,y € X \ {0}. Then by (RN3) we have
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t t
ADF(a;,y)(t) > 7'M{A(F—J"f)(2;1:—&—y) <12> ’A(F—J"f—F)(Qx—y) <12> )

t t
Ao(p—gnf)(@) (12) A )ty (12) )

t t
Agnp-rye—y | 13 ) »Ae0nr-mes {13 )

(3.3) Aprnf(zy) <;> }

for all » € N. The first six terms on the right hand side of the above
inequality tend to 1 as n — oo by the definition of F'. Now consider that

() <o e () e ()
> Ty {ADf(Q"x,Q”y) <4:t> s A D f(ong,—ony) (?) :
Apf(anz,any) <T> s ADf(—ong, —ony) (T) }

o i (55 ().

Aoty (f;i) Ao ey <f;i> }

which tends to 1 as n — oo by (RN3) and 2 > 1 for all z,y € X \ {0}.
Therefore it follows from (3.3) that

Apr(ay)(t) =1

for each z,y € X\ {0} and ¢t > 0. By (RN1), this means that DF(z,y) =
0 for all z,y € X \ {0}. Since DF(z,0) = 0 and DF(0,y) = 0 for all
z,y € X, we obtain F is a general quadratic mapping. Assume that

a < 1 and Afp(x V) is continuous in z,y. If m, a,b,c,d are any fixed
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integers with a, c # 0, then we have

o t

A Ap@nartereran ) 2 B0AC (G b (o 2)y) <a)
= A (ot oot ) ()
- ;(aw,cy)(mt)

for all z,y € X \ {0} and ¢ > 0. Since m is arbitrary, we have

lim A, ((2mra+b)x,(2"c+d)y) (t) > lim A:p(a:c,cy) (mt) =1

n—oo ¥ m—00

for all z,y € X \ {0} and ¢ > 0. From these, we get the inequality

A(p—p)(a)(361)
> lim 7y {A(ps-pF)(@1e2ma) (£, Ap- (3204200 (51),
Ar—py(2n42)2) (51), Aap—p)((2n+1)a) (102),
A(r—ry(am+141)2)(50), Aa(r—my((an+142)2) (108) )
> lim T { A (an s 1)pana) (), M((3- 2" + 2)z, (2 — a)t),
M((2" + 2)z, (2 — a)t), M((2" + 1)z, (2 — a)t),
M (2" + D)z, (2 - a)t) , M (2" +2)z, (2 — a)t) }

for all z € X \ {0}. From the above equality and the fact f(0) =0 =
F(0), we obtain f = F.

Case 2. Assume that ¢ satisfies the condition (ii). Let the set (5, d)
be as in the proof of the case 1. Now we consider the mapping J : § — S
defined by

190 =9 (5) -9 (-5) +2(0(5) +9(-3))

for all g € S and x € X. Notice that

Pate =20 () 0 (-2)) + 5 (0(2) +4(-2)
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for all x € X. Let f,g € S and let u € [0,00] be an arbitrary constant
with d(g, f) < u. From the definition of d, (RN2), and (RN3), we have

4du 4u
Asg@)-s() (at> = A3()-r@)+e-5)-1(-%) (at>

Z ™ {As(g<;)—f<;'>> (3;75) Ag(-2)-1(-2) (Zf)}
= {%(g)—f(g) (gt) Ag-5)-1-5) (gt)}

%
IR
NUH
Q=
~

= M(x,t)
for all z € X \ {0}, which implies that
4
d(Jf,Jg9) < —d(f.g)-

That is, J is a strictly contractive self-mapping of S with the Lipschitz
constant 0 < % < 1. Moreover, by (3.1), we see that

51
Af@)-a5() <a>

v

A ot
2Df(§.~§)-Df(§.~5)-Df(g.~5)-DfF (&~ \ ¢ )

V
\]
g
—
=

)

T
=
Cj\&

|
]

7 N\

°IR

N———
-

T
=
Gj\s

|
w|8

N
Q| =+
N———

> M(x,t)

for all z € X \ {0}. It means that d(f, Jf) < 2 < oo by the definition of
d. Therefore according to Theorem 3.1, the sequence {J"f} converges
to the unique fixed point F': X — Y of Jin theset T'= {g € S|d(f, g) <
oo}, which is represented by

= i (7)) T 0 (5)

for all z € X. Since

1 5
A F) < - d(f. 7)) < 7

«

the inequality (3.2) holds. Next we will show that F' is general quadratic.
Recall that (3.3) holds for all z,y € X \ {0} and n € N. The first six
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terms on the right hand side of the inequality (3.3) tend to 1 as n — oo
by the definition of F. Now consider that

t t ¢
Apinfiay) <2> = TM{A?MDf(;u;%) <8> Agn-ipg(ze,50) <8) ’
t t
Agn-1Df(g, ) 8>7A—2nlDf<;s,2#> (8 }
, ot , a”t
> TM{AQp(x,y) (4n+1> ’ASD(_zv_y) <4n+1> !

, at , at
Ap(zy) <2n+2> Aoy <2n+2> }

which tends to 1 as n — oo by (RN3) for all z,y € X \ {0}. Therefore
it follows from (3.3) that

Apr(ay)(t) =1

for each z,y € X\{0} and ¢t > 0. By (RN1), this means that DF(z,y) =
0 for all z,y € X \ {0}. Since DF(z,0) = 0 and DF(0,y) = 0 for all
xz,y € X, we obtain F' is a general quadratic mapping. It completes the
proof of Theorem 3.2. O

Now we have a generalized Hyers-Ulam stability of the general qua-
dratic functional equation (1.2) in the framework of normed spaces. Let
Ag(t) = #IQCH Then (X, A, 7y) is an induced random normed space,
which leads us to get the following result.

COROLLARY 3.3. Let X be a linear space, Y be a complete normed-
space, and ¢ : (X \ {0})? — [0,00). Suppose that ¢ satisfies one of the
following conditions:

(i) ap(x,y) > ¢(2z,2y) for some 0 < a < 2,
(i) p(2z,2y) > ap(z,y) for some 4 < a
forall x,y € X. If f: X — Y is a mapping such that

IDf(z, y)ll < ¢(z,y)

for all x,y € X \ {0}, then there exists a unique general quadratic
mapping F': X — Y such that

if ¢ satisfies (i),
If(z) — F(z)]| < { 5 (2) W

if ¢ satisfies (ii)
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for all x € X, where ®(x) is defined by

xr oz T 2x x r Az
o) =max{ (5. -3)e(5-5) (5 )5 3)

(—x x) (—ZL’ 21‘) (—x ) (—x 435)}
—_—, = —_— -, —, =)
(,0 3 73 7@ 3 ) 3 ’gp 37 ?(10 3 b 3

Moreover, if 0 < o < 1 and ¢ is continuous under the condition (i), then
f is itself a general quadratic mapping.

Now we have Hyers-Ulam-Rassias stability results of the general qua-
dratic type functional equation (1.2).

COROLLARY 3.4. Let X be a normed space, p,q € R\[1,2] and Y a
complete normed-space. If f: X — Y is a mapping such that
IDf (@)l < llzl” + [lyll?
for all xz,y € X \ {0}, then there exists a unique general quadratic
mapping F': X — Y such that
51 1P+ 1)
_ < 2—2max{p,q}
[f(z) = F(z)| < 5(|Z [P+ % |19)
omin{p,q} _4

ifp<land0<gq<1,
ifp,qg > 2
for all x € X\ {0} and f is itself a general quadratic mapping if p, q < 0.

Proof. If we denote by o(z,y) = ||z||P + ||y||%, then the induced ran-
dom normed space (X, A;, 7a7) holds the conditions of Corollary 3.3 with
o = 2max{p.a} if p g < 1 and o = 20{P4} if p g > 2. O

COROLLARY 3.5. Let X be a normed space, p+q € R\[1,2] and Y a
complete normed-space. If f: X — Y is a mapping such that

1Dz, )|l < [l]Pllyl*

for all z,y € X \ {0}, then there exists a unique general quadratic
mapping F' : X — Y such that
5 5P+ £ d
5 —5pFa ifp+qg<1andq<0,
AEPIEN ifp+g<landg>0
—9op+ -
If(z) = F(z)]| < 5“%“§iqq )
P d ifp4+q>2andq<D0,
Sl EIPIEEI

AT ) ifp+qg>2andqg>0

for allx € X \{0} and f is itself a general quadratic mapping if p+q < 0.

Proof. If we denote by ¢(z,y) = ||z||P|ly||¢, then the induced random
normed space (X, A,, 7)) holds the conditions of Corollary 3.3 with
a = 2PHa, O
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